Abstract Let P = P m (e) × P n (h) be a product of weighted projective spaces, and let ∆ P be the diagonal of P × P. We prove an algebraization result for formal-rational functions on certain closed subvarieties X of P × P along the intersection X ∩ ∆ P .
Introduction
Let P be a projective irreducible variety and let f : X → P × P be a morphism from a complete irreducible variety X over an algebraically closed field k. Denote by ∆ P the diagonal of P × P. Then one may ask under which conditions the inverse image f −1 (∆ P ) is connected (resp. non-empty). Here by a connected scheme we shall mean a non-empty scheme whose underlying topological space is connected. The first result in this direction is the famous theorem of Fulton and Hansen ([13] ) which states that the answer to this question is affirmative if P = P n and if dim f (X) > n (resp. if dim f (X) ≥ n). That result has a lot of interesting geometric applications (see [14] ).
The connectivity result of Fulton and Hansen has been generalized in various directions by Hansen [15] , Faltings [11] , [12] , Debarre [7] , [8] , [9] , Bȃdescu [1] , [5] , Bȃdescu-Repetto [4] , and others.
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On the other hand, in [1] and [5] the connectivity results of Fulton-Hansen [14] and Debarre [7] have been improved to get stronger conclusions involving the G3 condition of Hironaka-Matsumura [17] on the extension of formal-rational functions on X along f −1 (∆ P ) (see Definition 1 below). The aim of the present paper is to improve the connectivity result of [4] in the same spirit.
To state our main result, let P denote the product P m (e) × P n (h) of weighted projective spaces P m (e) and P n (h) of weights e = (e 0 , . . . , e m ) and h = (h 0 , . . . , h n ) respectively, with e i , h j ≥ 1, i = 0, . . . , m and j = 0, . . . , n. Let f : X → P × P be a morphism from a complete irreducible variety X. Denote by X 13 ⊆ P m (e) × P m (e) (resp. by X 24 ⊆ P n (h) × P n (h)) the image of f (X) under the projection p 13 
e) (resp. under the projection p 24 onto P n (h) × P n (h)). For the basic properties of weighted projective spaces, see [10] or [6] .
Precisely, our aim is to prove the following strengthening of the connectivity result of [4] (see Theorem 1 below), and, under a slightly stronger hypothesis, also a generalization of the main result of [5] :
Theorem (=Theorem 6 below) Under the above notation, let f : X → P × P be a morphism from a complete irreducible variety X, with P := P m (e) × P n (h), the product of the weighted projective spaces P m (e) and P n (h) over an algebraically closed field k. Let ∆ P be the diagonal of P × P and set a := max{m
, from the field K(X) of rational functions of X to the ring
In other words, this theorem is an extension result of the formal rational functions on X along X ∩ ∆ P to rational functions on X. Let me explain why this theorem is an improvement of the connectivity result proved in [4] . By Theorem 3 below the connectivity result of [4] (see Theorem 1 below) is equivalent to saying that the ring K( f (X) / f (X)∩∆ P ) is a field and the subfield K( f (X)) is algebraically closed in K( f (X) / f (X)∩∆ P ), while the above theorem is equivalent to saying that the natural
To prove this result we use an extension theorem for formal-rational functions for the case P = P m × P n proved in [5] (see Theorem 4 below) and the connectivity result proved in [4] (Theorem 1 below), via some basic known results on formalrational functions.
Here are two consequences of the above Theorem:
In the special case when P = P m × P n is a product of two ordinary projective spaces over an algebraically closed field of characteristic zero and f is a closed embedding, Corollary 1 also follows from an old general result of Faltings (see [11] , Satz 8, page 161) proved in the case when P is a complex projective rational homogeneous space. In general P = P m (e) × P n (h) is singular, so that Corollary 1 (to our best knowledge) is new.
Corollary 2 Let X and Y be two closed irreducible subvarieties of P
Corollary 2 extends to the case P = P m (e) × P n (h) an old result of Faltings [12] proved (by local methods) if P = P n .
The paper is organized as follows. In the first section we recall some known results that will be needed in Section 2. In the second section we prove the theorem and the two corollaries stated above.
Terminology and notation. Unless otherwise specified, we shall use the standard terminology and notation in algebraic geometry. We shall work over an algebraically closed ground field k of arbitrary characteristic.
Background material
In this section we gather together the known results which are going to be used in Sections 2.
Theorem 1 (Bȃdescu-Repetto [4]).
Under the notation of the introduction, let f : X → P × P be a morphism from a complete irreducible variety X, with P = P m (e) × P n (h) the product of the weighted projective spaces P m (e) and P n (h) over an algebraically closed field k. Let ∆ P be the diagonal of P × P and set a := max{m + dimX 24 , n + dimX 13 }. Then the following statements hold true:
Remark 1. If in Theorem 1 we take n = 0 then X 24 is a point and hence a = max{m, dim X 13 }. Then P ∼ = P m , f (X) ∼ = X 13 , and therefore the conclusion of Theorem 1 becomes:
In other words Theorem 1 for n = 0 yields exactly the Fulton-Hansen connectivity theorem.
Proof. Since X 13 ⊆ P m (e) × P m (e) and X 24 ⊆ P n (h) × P n (h), dim X 13 ≤ 2m and dim X 24 ≤ 2n. It follows that a = max{m + dimX 24 , n + dimX 13 } ≤ max{m + 2n, n + 2m} = 2m + n. ⊓ ⊔ Via Lemma 1 we get the following Corollary of Theorem 1: Corollary 1. Let f : X → P × P be a morphism as in Theorem 1, with X a complete irreducible variety and P :
Proof. Since dim X 13 ≤ 2m, dim X 24 ≤ 2n and m ≥ n, then a ≤ max{2m + n, 2n + m} = 2m + n, and the conclusion follows from Theorem 1 and Lemma 1. ⊓ ⊔
Definition 1 (Hironaka-Matsumura [17], or also [16], or also [2], Chapter 9).
Let X be a complete irreducible variety over the field k, and let Y be a closed subvariety of X. Denote by K(X) the field of rational functions of X, by X /Y the formal completion of X along Y , and by K(X /Y ) the ring of formal-rational functions of X along Y . According to Hironaka and Matsumura [17] we say that
Let f : X ′ → X be a proper surjective morphism of irreducible varieties, and let
(pull back of formal-rational functions, see [17] , or also [2] , Corollary 9.8) rendering commutative the following diagram: 
is a field and K(X) is algebraically closed in K(X /Y ).

Theorem 4 (Bȃdescu [5]).
Under the notation of Theorem 1 let f : X → P × P be a morphism from a complete irreducible variety X, with P = P m × P n a product of the ordinary projective spaces P m and P n over k and let ∆ P be the diagonal of P × P.
Theorem 5 (Bȃdescu-Schneider [3], or also [2], Thm. 9.21). Let ζ ∈ K(X /Y ) be a formal-rational function of an irreducible variety X along a closed subvariety Y of X such that K(X /Y ) is a field. Then the following two conditions are equivalent: i) ζ is algebraic over K(X).
ii) There is a proper surjective morphism f : X ′ → X from an irreducible variety X ′ and a closed subvariety
Extending formal-rational functions
Start with the following: Lemma 2. Under the above notation let P = P m (e) × P n (h) be the product of the weighted projective spaces P m (e) and P n (h) over k, let X be a closed irreducible subvariety of P × P, and set a := max{m + dimX 24 , n + dimX 13 }.
Proof. By the hypothesis that dim X > a we get dim X > m + dim X 24 and dim X > n + dim X 13 . Denote by p : X → X 13 and q : X → X 24 the two canonical (surjective) projections, and by F p and F q the general fibers of p and q respectively.
i) By way of contradiction assume for instance that dim X 13 ≤ m. Then we get successively: 13 (by dim
(by the theorem on dimension of fibers) ≤ dim X 24 (the restriction q|F p : F p → X 24 is injective).
Thus the assumption that dim X 13 ≤ m leads to the contradiction that dim X 24 < dim X 24 . This proves that dim X 13 > m. In the same manner one proves that dim X 24 > n. Finally, from dim X > n + dim X 13 and dim X 13 ≥ m + 1 we get dim X > m + n + 1.
ii) If instead dim X ≥ m+ dimX 24 and dim X ≥ n + dimX 13 we may again assume, by way of contradiction, that dim X 13 < m. Then we get successively: 13 (by dim X 13 < m) = dim F p (by the theorem on dimension of fibers) ≤ dim X 24 (the restriction q|F p : F p → X 24 is injective).
Thus the assumption that dim X 13 < m leads to the same contradiction as above. This proves that dim X 13 ≥ m. In the same manner one proves that dim X 24 ≥ n. Finally, from dim X ≥ n + dimX 13 and dim X 13 ≥ m we get dim X ≥ m + n. ⊓ ⊔ Now we can strengthen part ii) of Theorem 1 above to get the main result of this paper:
Theorem 6. Under the notation of the introduction, let f : X → P × P be a morphism from a complete irreducible variety X over an algebraically closed field k of arbitrary characteristic, with P = P m (e) × P n (h), and let ∆ P be the diagonal of
Proof. By Corollary 2 applied to the proper surjective morphism f : X → f (X), it is enough to prove that f (X) ∩ ∆ P if G3 in f (X). In other words, replacing X by f (X) we may assume that X is a closed subset of P × P of dimension > a and then we have to prove that X ∩ ∆ P is G3 in X.
Let P ′ := P m × P n be the product of two ordinary projective spaces of dimension m and n respectively. Then we have the canonical finite surjective morphisms u m (e) : P m → P m (e) and u n (h) : P n → P n (h). It follows that the morphism
is finite and surjective. Choose an irreducible component X ′ of u −1 (X) and denote by v : X ′ → X the restriction u|X ′ . Clearly, v is again a finite surjective morphism, and in particular, dim X ′ = dim X. Then it makes sense to define the irreducible subvarieties X ′ 13 ⊆ P m × P m and X ′ 24 ⊆ P n × P n . Since the morphisms
are finite and surjective we infer that dim X ′ 13 = dim X 13 and dim X ′ 24 = dim X 24 , we get
Then by Lemma 2, i), the inequality (1) yield the following inequalities
Now, the inequalities (2) show that the hypotheses of Theorem 4 above are satisfied for the inclusion X ′ ⊂ P ′ × P ′ . Therefore by Theorem 4 it follows that X ′ ∩ ∆ P ′ is G3 in X ′ . Now the idea is to show that, in our situation, this last fact implies that X ∩ ∆ P is G3 in X as well.
Indeed, consider the following commutative diagram
in which the second vertical map is an isomorphism (because X ′ ∩ ∆ P ′ is G3 in X ′ ) and the first horizontal map yields a finite field extension (because the morphism v is finite). In particular, via the injective map α X ′ ,
On the other hand, we claim that the ring K(X /X∩∆ P ) of formal-rational functions of X along X ∩ ∆ P is actually a field. Indeed by Proposition 1 we have to check that if f :X → X is the birational normalization of X, then f −1 (X ∩ ∆ P ) is connected. But the connectivity of f −1 (X ∩ ∆ P ) follows from Theorem 1. So K(X /X∩∆ P ) field, and hence it can be identified with a subfield of K(X ′ /X ′ ∩∆ P ′ ) which contains K(X). By the commutativity of diagram (3) we get
so that the field extension K(X /X∩∆ P )|K(X) becomes a field subextension of the finite field extension K(X ′ general P = P m (e) × P n (h) is singular, so that Corollary 1 (to our best knowledge) is new.
Corollary 4. Let X and Y be two closed irreducible subvarieties of P
Proof. Let p 1 : X × Y → X be the first projection of X × Y . Then we get the commutative diagram:
As dim (4) is an isomorphism.
On the other hand, we claim that for every proper surjective morphism f :
proper and surjective (because f : Z → X is so), and since
is biregularly isomorphic to f −1 (X ∩Y ), the claim is proved. The claim implies the following two things: i) K(X /X∩Y ) is a field (by Proposition 1), and ii) K(X) is algebraically closed in K(X /X∩Y ) (by Theorem 3). Now we can easily prove that X ∩Y is G3 in X. Indeed, if not, there would exist a formal-rational function ζ ∈ K(X /X∩Y ) such that ζ ∈ K(X). Then by diagram (4) (with the second vertical arrow isomorphism) and by Theorem 5 it would follow that in the field extension K(X /X∩Y )|K(X) the function ζ ∈ K(X /X∩Y ) would be an algebraic element over K(X) non belonging to K(X), and this would contradict i) and ii) above.
Similarly one proves that X ∩Y is G3 in Y . ⊓ ⊔ Remark 3. Corollary 4 extends to the case when P = P m (e) × P n (h) an old result of Faltings [12] (see Corollary 3, page 102) regarding the case when P = P n . Our proof (based on global arguments) is different from Faltings' proof (which uses local methods).
Corollary 5. Under the hypotheses of Corollary 4 assume that k is the field of complex numbers. Then every meromorphic function defined on a complex connected open neighborhood U of X ∩Y in X extends to a rational function in X.
Proof. Let M(U) denote the field of meromorphic functions on U. By [2] , page 117, K(X) ⊆ M(U) ⊆ K(X X∩Y ), and then apply Corollary 4. ⊓ ⊔
